Abstract. In cosmological scenarios based on grand unification, string theory or braneworlds, many kinds of topological or non-topological defects, including monopoles and cosmic strings, are predicted to be formed in the early universe. Here we review specifically the physics of composite objects involving monopoles tied to strings. There is a wide variety of these, including for example "dumbbells" and "necklaces", depending on how many strings attach to each monopole and on the extent to which the various fluxes are confined to the strings. We also briefly survey the prospects for observing such structures, the existing observational limits, and potential evidence for a cosmological role.
Introduction
Symmetry-breaking phase transitions at which topological defects form are ubiquitous in low-temperature condensed-matter systems. In fundamental particle physics too, there are good reasons for thinking that similar phenomena occur at vastly higher energy scales. If so, the defects formed may have significant effects in the early universe.
Electroweak unification is now well-established. It is natural to suppose that further unification may occur at even higher energies, in a Grand Unified Theory (GUT). Some evidence in support of this idea comes from the running of the three independent coupling constants in the SU (3) × SU (2) × U (1) standard model. In the basic standard model, they do not quite seem to meet. But in its supersymmetric extension, the parameters can be chosen so that they do all come together at an energy of around 10
15
GeV [1, 2] , suggesting the possibility of a high-temperature phase with a larger symmetry represented by a simple group such as SO (10) . In such a model, the universe would be expected to go through one or more phase transitions with decreasing symmetry as it cooled after the Big Bang. Even without supersymmetry, models with multiple phase transitions may be viable [3] .
Depending on the pattern of symmetry breaking, such transitions could create topological defects of various types. These include point defects (monopoles), linear defects (cosmic strings, analogous to vortices in condensed matter) and domain walls. It has long been known that because the standard model group contains a U (1) factor, monopoles are generic in GUT models that start with a simple gauge group. Avoiding the resulting over-abundance of monopoles was one of the prime original motivations for the introduction of the theory of inflation; if the monopoles are generated before the inflationary era, they will be diluted to insignificance by the rapid expansion. Nevertheless, inflation is compatible with the existence of defects, which can be formed during the reheating phase that terminates that era [4] . Moreover, essentially all realistic GUTs predict the existence of cosmic strings, though not always stable ones [5] .
Cosmological scenarios derived from fundamental string theory or M-theory, such as braneworld models, also frequently predict the appearance of defects of similar types [6, 7, 4, 8] . These strings can have somewhat different properties. In particular, the probability of exchanging partners when strings intersect, can be much less than one [9] , in contrast to the situation for cosmic strings in gauge theories [10] . Moreover, there can be strings of different tension, fundamental strings (F-strings) as well as Dirichlet D1 branes (D-strings) and (p, q)-strings, composites of p F-strings and q D-strings [11, 12] . There may be junctions where three strings meet. The evolution of a network of such strings is a more complicated problem, but the final result may not be so very different [13] . Analytic and numerical studies have shown that a network of ordinary cosmic strings generally evolves, at least on large scales, to a scaling regime in which the strings form a roughly constant fraction of the energy density of the Universe. Though the analysis is less clear cut, this appears also to be true for a multi-tension network. In that case the lightest strings come to dominate [14, 15] . Here we shall not discuss these added complications in any detail. Another important topic that lies outside the scope of this review is the relevance of monopole and string networks to QCD confinement. See for example [16] .
There has been extensive discussion in the literature of the characteristics and effects of these various defects, and of ways in which they might be detected. But in addition to the simple defects there may also be composite defects such as domain walls bounded by strings and strings connected to monopoles, and there has been less discussion of the effects of these more exotic structures. In this paper, we shall concentrate on the composites of strings and monopoles. As we aim to make clear, even within this category there are many different types of structures.
In Sec. 2, we briefly review the topological requirements for the different types of defects to form at a phase transition, where the symmetry is broken from a group G to a subgroup H. These are governed by the topology, in particular the homotopy groups, of the manifold M of degenerate vacuum states, which may be identified with the quotient space G/H. Then in Sec. 3, we discuss the case where the system undergoes two successive phase transitions, with the symmetry first broken from G to H and then to a smaller subgroup K. Such scenarios often lead to the formation of composite defects. In the remainder of the section, we discuss a number of different models that illustrate the wide range of possible defect structures. The interactions between the various defects that can form can be quite complex [17, 18] . Here we concentrate only on a few examples.
Sec. 4 is devoted to a discussion of the strings and monopoles that appear in the standard electroweak model. Electroweak monopoles and strings are not strictly speaking topological defects. Electroweak monopoles are confined while electroweak strings are known to be unstable, but configurations of these electroweak defects still can play an important role in cosmology, especially perhaps in connection with baryon number violation and cosmological magnetic field generation.
Possible means of observing composite defects of various kinds are discussed in Sec. 5, where we also discuss the observational constraints arising from existing observations. The conclusions are briefly summarized in Sec. 6.
Simple defects

Topological conditions for defects
We first recall the conditions for the appearance of topological defects of various types at a symmetry-breaking phase transition (see for example [19] ). When the system is cooled through the transition temperature, there is some order parameter field multiplet φ that acquires a vacuum expectation value, say 0|φ|0 = φ 0 , lying somewhere on a manifold M of minima of the potential V(φ). If the symmetry group is G, then any operation g ∈ G will transform this vacuum state into another degenerate vacuum state, with expectation value gφ 0 . If H = {h ∈ G|hφ 0 = φ 0 } ⊂ G is the subgroup leaving φ 0 invariant, then the vacuum manifold may be identified with the quotient M = G/H, the set of left cosets {gH} of H in G. The types of defects that may be formed are governed by the topology of M.
Cosmic strings can form if M is not simply connected, i.e. its fundamental group or first homotopy group π 1 (M) = 1, where 1 stands for the group comprising the identity alone. That means there are closed loops in M that cannot be continuously shrunk to a point. The value of φ at points on a large loop in space surrounding a cosmic string will follow such a path. In the simplest case, where φ is a complex scalar and G comprises the phase rotations φ → φe iα , then M is a circle, |φ| = η, i.e. φ = ηe iα with arbitrary phase α. In this case, π 1 (M) = Z. Thus the strings are labelled by an integer winding number n; on a loop around a string of winding number n, the phase α changes by 2nπ (see section 2.2).
There is a simple general criterion for the existence of strings in a model where the symmetry group G is connected and simply connected, i.e. π 0 (G) = π 1 (G) = 1. Then a standard theorem tells us that π 1 (G/H) = π 0 (H). Here the zeroth homotopy group counts the number of disconnected pieces of H; π 0 (H) = H/H 0 , where H 0 is the connected component of H containing the identity. So strings exist if and only if H is disconnected. The theorem may still be applied even if G is not simply connected, merely by replacing it by its simply connected universal covering group. For example, we may replace U (1) by the additive group of real numbers G = R, in which case H = Z, the set of transformations with α = 2nπ.
Similarly, monopoles exist if π 2 (M) = 1, that is, if there are non-shrinkable twodimensional surfaces in M. Surrounding a monopole, the value of φ will lie on such a surface. The simplest example here is when G = SU (2), with φ in the three-dimensional adjoint representation. Then H = U (1), and M is a 2-sphere, |φ| = η, so π 2 (M) = Z. The monopoles are again labelled by an integer (see section 2.3). There is also a similar theorem, applicable when π 0 (G) = π 1 (G) = 1, namely π 2 (G/H) = π 1 (H). So monopoles exist when H is not simply connected.
For completeness, we mention two other topological objects. Domain walls occur when M itself is disconnected, π 0 (M) = 1. For example, we may take a real scalar field φ with a double-well potential and Z 2 symmetry under φ → −φ. The domain wall separates regions where the vacuum expectation value lies in one well or the other. Finally textures occur if π 3 (M) = 1. Here there is no actual defect, in the sense of a compact region of concentrated energy. However, a non-trivial texture cannot be smoothly eliminated and converted to the vacuum state; it represents excess energy, albeit spread out rather than concentrated. Unwinding of the texture occurs in a restricted region of spacetime. Textures in the universe could have real physical consequences [20] .
In the remainder of this section, we discuss specific models that illustrate a variety of different types of strings and monopoles.
Simple string models
a. The simplest model that leads to cosmic strings is the U (1)-symmetric Abelian Higgs model, comprising a complex scalar field φ interacting with a gauge field A µ , described by the Lagrangian
where
and
Here λ and η are real positive constants and we set c = = 1. The potential V has a maximum at φ = 0, so the U (1) symmetry is broken in the vacuum. There is a degenerate family of vacua labelled by the phase angle: 0|φ|0 = ηe iα . This is essentially scalar electrodynamics but with a symmetry-breaking potential. The masses of the scalar and vector particles in the theory are m s = √ λη, m v = √ 2|e|η. A static string with winding number n along the z axis is described in cylindrical polars (ρ, ϕ, z) by a field configuration
where the dimensionless functions f and h satisfy the boundary conditions
The magnetic field along the string carries a total magnetic flux 2nπ/e. This is the Nielsen-Olesen string solution [21] .
The solution with n = 1 is always stable, but the stability of strings with n > 1 depends on the value of the ratio β = m 2 . For Type-II strings, with β > 1, close parallel strings repel, and any string with n > 1 is unstable to break-up into n = 1 strings. Type-I strings, with β < 1, are stable for all values of n, and can form threestring junctions where for example strings with winding numbers m and n meet to form an (m + n) string. For the critical case of β = 1, there is no force between parallel strings.
For these strings, the tension is equal to the energy per unit length, µ, and is given by µ = 2πg(β)η 2 , where g is a slowly varying, monotonically increasing function with the value g(1) = 1 for the critical coupling.
b. As a second example, we consider the symmetry group G = SU (2) with two scalar fields in the adjoint representation, φ = φ a σ a and ψ = ψ a σ a , where the σ a are Pauli matrices. If we take
tr(φ 2 ), then it is clear that in the vacuum we will have | φ| = | ψ| = η and φ · ψ = 0. This breaks the symmetry down to the centre of SU (2), namely
Since H is discrete, there is no remaining massless gauge field. But there are strings, because π 1 (M) = π 0 (H) = Z 2 . For these "Z 2 strings", stable strings with higher winding numbers may exist but are not stable for topological reasons. We shall return to this point below.
In fact, it is easy to construct similar models of "Z n strings", by taking the symmetry group to be SU (n) with n fields in the adjoint representation, and choosing a potential that constrains them all to be non-zero and mutually orthogonal (see Section 3.2d).
c. Interesting possibilities occur when some of the symmetries are local and others global [22] . For example, suppose that G = U (2) ∼ = SU (2) × U (1)/Z 2 , with a scalar field in the fundamental (spinor) representation. (The Z 2 factor is required because the centre of SU (2), comprising the two elements {1, −1} is also contained in U (1).) Moreover, suppose that only the Abelian factor U (1) is gauged, so there is just one gauge boson, while SU (2) is a global symmetry group.
If we looked only at the local symmetry, we might expect the appearance of strings because of the breaking of U (1). However the vacuum manifold ψ † ψ = η 2 is M = S 3 , and π 1 (M) = 1, so there are no topologically stable strings. It is easy to construct a string solution by embedding the Nielsen-Olesen string solution (4); we take
Stability of this semi-local solution is not guaranteed by any topological argument.
Using the other component of φ, it can be smoothly deformed into a configuration lying entirely in M, so that the potential energy vanishes, but at the cost of increasing the gradient energy. Despite the absence of a topological guarantee of stability, detailed analysis shows that it is indeed dynamically stable in the Type-I regime β < 1, though not when β > 1 [23, 24] .
't Hooft-Polyakov monopoles
In this model, G = SU (2), and φ belongs to the three-dimensional adjoint representation. We can write
Here we take
or equivalently
With V = 1 4
2 , we find that the vacuum manifold M is a two-sphere, φ 2 = η 2 , and H = U (1). In this case there is a scalar particle of mass m s = √ λη and three vector particles, one massless (identified with the photon) and two with masses m v = √ 2|e|η. This is essentially the Weinberg-Salam model with vanishing weak mixing angle, θ w = 0.
Here a static monopole at the origin is described by the solution [25, 26] 
where r = √ x k x k and the functions f and h obey the boundary conditions
At large values of r, the gauge field is found to be
This field is in the direction of the unbroken symmetry generator, corresponding to the electromagnetic field. It represents a radial magnetic field
Hence the total outward magnetic flux, the magnetic charge of the monopole, is
In any model, for the field A a k to be single-valued, the magnetic charge for any monopole must always satisfy the condition eq = 2nπ (15) for some integer n. Note that for this particular monopole solution, the charge is twice the minimal value. It can be shown that the mass of the monopole obeys the Bogomol'nyi bound [27] ,
which is saturated in the Prasad-Sommerfeld limit of small scalar coupling, λ/e 2 → 0 [28].
Composite defects
Defects formed at multiple phase transitions
There are many field-theory models that predict more than one phase transition in the early universe. In such cases, composite defects may form [29] .
Suppose we start with a theory with symmetry group G, and that it goes through a phase transition where a field φ acquires a non-zero expectation value, breaking the symmetry to a subgroup H ⊂ G, and then subsequently a second phase transition, where another field ψ gets a non-zero, but generally smaller, vacuum expectation value, breaking the symmetry further to K ⊂ H. After the first breaking, we have a vacuum manifold M = G/H. If this is topologically non-trivial, defects will form. In the second transition another set of defects may form if the manifold H/K has non-trivial homotopy groups. However, the existence of stable defects in the final phase is actually controlled by the topology of M = G/K.
The simplest example here is a U (1) gauge model with two scalar fields, φ of charge 2e, and ψ of charge e. We assume that the potential contains an interaction term of the form −m(φ * ψ 2 + ψ * 2 φ). The absolute minimum of the potential occurs when φ and ψ have fixed magnitudes, say |φ| = η, |ψ| = ζ, and the phase of ψ 2 is the same as that of φ. After the first stage of symmetry breaking, when φ becomes non-zero, the symmetry is reduced from U (1) to H = Z 2 , comprising the transformation ψ → −ψ. Here M is a circle S 1 , and π 1 (M) = Z. Therefore strings are formed, labelled by an integer winding number n, with the phase of φ changing by 2nπ around the string. Now when the second transition occurs, the remaining Z 2 symmetry is broken, because ψ has to choose between the two degenerate vacuum values. Breaking this discrete symmetry would be expected to create domain walls, separate regions where opposite choices are made. But considering the overall symmetry breaking, from U (1) to 1, no discrete symmetry breaking is involved, and there are no truly stable domain walls. In fact, M is also a circle, but each point of M corresponds to two diametrically opposite points of M .
Consider a string along the z axis, where outside the core, φ = ηe inϕ . To minimize the potential we must then have ψ = ±ζe inϕ/2 . But note that for n = 1 or any odd number, that would not lead to a continuous solution. The strings with even winding number survive, but around one with odd winding number there must be a point where ψ changes sign over a short distance. In other words, the string becomes attached as the boundary of a domain wall.
Unlike fully stable domain walls, these are potentially unstable to the formation of holes surrounded by new loops of string, though such a decay has to overcome an energy barrier. The hole has to attain a minimum size before its creation becomes energetically favorable.
Monopoles joined by strings
We now discuss several examples where the first stage of the symmetry breaking leads to the formation of 't Hooft-Polyakov monopoles, followed by a second stage where strings form.
a. One simple example is provided by the SU (2) model above with two adjoint fields φ and ψ, but where the constants λ and η in the first two terms of (6) are different, say λ, λ and η, η , with √ λ η √ λη. Then in the first stage of symmetry breaking, when φ becomes non-zero, the symmetry will break to H = U (1), while after the second stage it will break further to K = Z 2 . At the first stage, monopoles will form, because π 2 (G/H) = Z. In the second breaking, since π 1 (H/K) = Z, we expect strings, classified as usual by an integer winding number. Overall, however, since π 1 (G/K) = Z 2 , the only topologically stable strings are Z 2 strings.
Moreover, there are no truly stable monopoles. It is easy to see what happens. Around an n = 1 monopole the field φ may be chosen to point radially outwards. When ψ becomes nonzero it needs to be orthogonal to φ, so around a sphere it should lie in a tangential direction. But it is not possible to choose such a direction everywhere. There have to be points where it vanishes. For example, we could take it everywhere in the azimuthal ϕ direction, but to maintain continuity it must then vanish at the north and south poles. In fact, there have to be two strings attached to the monopole. The monopoles are like beads on the string. The configuration is often called a necklace. Similar structures can appear very naturally in string-theory models [30] .
It is useful to consider the fields around a string. If the first field φ is taken to be along the string, then ψ must wind around it, either clockwise or anticlockwise. Thus the string has a direction; a string is not identical to an anti-string, in spite of the fact that they are topologically equivalent. A string can be converted to an antistring, but it takes energy to do so. In fact, what it takes is the creation of a pair of monopoles.
Similarly, strings with higher winding numbers (in the Type-I case β < 1) may exist, but are not truly stable; an n = 2 string can terminate on a monopole.
b. Now let us consider another model, this time with symmetry group G = U (2), as in the example of the semi-local string, but here with all symmetries gauged. A scalar field φ in the adjoint representation breaks the symmetry, here to H = U (1) × U (1). The manifold of degenerate vacua is M = S 2 , and monopoles can form. Now suppose there is another scalar field ψ in the fundamental (spinor) representation, and that there are extra terms in the potential:
where again √ λ η √ λη. As the system cools further, it will go through a second transition at which ψ becomes non-zero. If, for example, φ a = ηδ a 3 , then clearly, to minimize the potential, ψ should be proportional to the eigenvector 0 1 of σ 3 . This breaks the symmetry down to K = U (1), generated by
. This model is very different from the previous one, in that there remains a massless vector field in the final phase; indeed the gauge-field structure is the same as in the bosonic sector of the standard electroweak model. Since π 1 (H/K) = Z, strings labelled by an integer winding number will be formed in the second transition. The manifold of vacua becomes M = G/K = S 3 . Thus there are no truly stable strings or monopoles in the final phase. What happens is that each monopole becomes attached to a string; each string is either a closed loop or connects a monopole to an antimonopole.
It is easy to see what a monopole configuration looks like. At large distance from the monopole, we can take φ radially outwards, so that
All around the sphere, ψ must be proportional to the eigenvector with eigenvalue −1, so we can take
But it is impossible to make this choice continuous everywhere. Here it is singular at the south pole, where a string must be attached, around which the phase of ψ changes by 2π. Note that here the strings carry a magnetic flux (2π/e), equal to the magnetic charge on the monopole, so there is only one string attached to each, not two.
c. Very different behaviour can be seen in a model based on the symmetry group G = SU (3) with three fields φ, ψ 1 , ψ 2 , all in the 8-dimensional adjoint representation [31] . In the first stage of symmetry breaking φ acquires a non-zero expectation value, satisfying |φ| = η, where
tr(φ 2 ). The vacuum manifold is then M = SU (3)/U (2), which may be identified with the complex projective space CP 2 . Points in this space may be labelled by triples of complex numbers Z T = (z 1 , z 2 , z 3 ), where (z 1 , z 2 , z 3 ) and (κz 1 , κz 2 , κz 3 ) represent the same point for any non-zero κ ∈ C.
For example, we may choose the value
Here T 1 , . . . , T 8 are the generators of SU (3), the Gell-Mann matrices [32] . After this first symmetry breaking the remaining symmetry group is H = U (2) ∼ = SU (2) × U (1)/Z 2 . There are non-trivial loops in H, and π 1 (H) = Z, so there are monopoles, labelled by an integer n. But this is somewhat misleading. Homotopically non-trivial loops in H corresponding to odd values of n cannot lie solely in the U (1) factor; they must include a path in SU (2) from the identity element 1 to (−1) 2 = diag(−1, −1, 1). A monopole with n = 1 must in a sense carry a "Z 2 charge" as well as the monopole charge 2π/e. Note however that the Z 2 charge can only have the values 0 or 1; it obeys the Z 2 addition rule, 1 + 1 ≡ 0. Repeated twice this path in SU (2) is trivial, so for even n the paths can be confined to U (1). For even n, the monopoles do not carry a Z 2 charge.
Next, we introduce two more adjoint fields, ψ 1,2 , and choose the potential so that all three fields have definite magnitude and are orthogonal, in the sense that tr(φψ 1,2 ) = tr(ψ 1 ψ 2 ) = 0 and also so that at the minimum ψ 1 and ψ 2 commute with φ. For example, with the choice (21) for φ, we may take ψ 1,2 = η T 1,2 . This then breaks the SU (2) symmetry down to Z 2 , so the final symmetry group is merely K = U (1).
A typical solution representing the field around a minimal-charge monopole, in spherical polars, is
Suitable forms for the other two fields can be found by starting with ψ 1,2 = η T 1,2 at the north pole θ = 0, and applying SU (3) transformations U (θ, ϕ) that perform the transformation φ(θ, ϕ) = U (θ, ψ)φ 0 U † (θ, ϕ). A simple choice is
This means that around the south pole
Evidently, the configuration of the fields ψ 1,2 is singular at the south pole. This singularity cannot be removed by a gauge transformation (though it could of course be moved to a different location), because the path as ϕ ranges from 0 to 2π is noncontractible in SU (3), whereas it would be contractible if ϕ ranged from 0 to 4π. A Z 2 string must be attached at the south pole of the monopole configuration. Every monopole of charge n = 1 must be attached to a string. The strings may terminate on monopoles or antimonopoles. A string may join a pair of equal-charge monopoles or a monopole-antimonopole pair. However, numerical simulations show that typically the second possibility is much more probable than the first. If the dynamics leads to the string shortening and disappearing, then in the first case this would lead to charge-2 monopoles, but in the second case to complete annihilation. The charge-2 monopoles have no Z 2 charge, but are pure U (1) monopoles.
d. A different choice of potential in the SU (3) model can lead to an alternative symmetry breaking pattern, again with very different behaviour [33] . The first stage can proceed as before, with φ typically given by (21) , breaking the symmetry down to H = U (2) and again generating monopoles. But then we can choose the potential so that the minimum typically occurs when ψ 1,2 = η T 4, 6 , generators that do not commute with T 8 and so do not belong to H. This choice has the effect of breaking the symmetry down to K = Z 3 , the centre of SU (3), comprising the matrices {e 2πni/3 1|n = 0, 1, 2}. Consequently, this produces Z 3 strings. Since K is purely discrete, no massless gauge fields remain.
Around a typical Z 3 string, the fields ψ 1,2 at large distance behave as
This configuration can be induced by applying the gauge rotation
What then happens around a pre-existing monopole? As in the previous example, we may expect that at the second symmetry breaking, the two new fields ψ 1,2 may be frustrated from finding the vacuum configuration everywhere around it. So we may expect strings to be attached. But there is an important difference this time. Here the gauge rotation around a string, Eq. (26), does not constitute a closed loop in SU (3) unless n ≡ 0 mod 3, since U (2π) = e 2πni/3 1. Consequently, we cannot attach just one n = 1 string for example to the monopole. We need three of them, and if we are in the region of parameter space in which forces between identical strings are repulsive, the three will tend to spread out around the monopole. So this symmetry breaking pattern yields a quite different type of string network, with junctions where three strings meet at a monopole.
Another point should be noted here. An n = 2 string may or may not be unstable to splitting into two n = 1 strings. But in any case it is topologically equivalent to a n = −1 string, i.e. an n = 1 string in the opposite direction, so if it is stable to splitting, it is indeed in principle unstable to turning into an n = −1 string. But it may nevertheless be locally stable, because this transformation can only happen via the creation of a monpole-antimonopole pair, which requires energy.
Monopoles and strings in the standard electroweak model
We have already discussed semilocal strings in Sec. 2.2 (see Eq. (7)) in an SU (2) × U (1)/Z 2 model where the SU (2) is global and the U (1) is local. This model coincides with the standard model of the electroweak interactions whose symmetry group is denoted [SU (2) L × U (1) Y ]/Z 2 , but with the important difference that the SU (2) L factor is gauged. If the SU (2) L and U (1) Y coupling constants are denoted by g and g respectively, the relative strength of the two coupling constants is given by the "weak mixing angle", θ w , defined by tan θ w = g g (27) with the measured value sin 2 θ w = 0.23.
Since the semilocal model is the sin 2 θ w → 1 limit of the standard model, we expect the semilocal string solution to also be present in the standard model. Thus the standard model has an electroweak string solution given by
Note that only the Z-gauge field of the standard model is non-vanishing; the charged W ± and the electromagnetic gauge fields vanish. Thus this solution is sometimes called a "Z-string" and also distinguishes it from other embedded electroweak strings called "W -strings" in which the W ± gauge fields are non-vanishing. As in the semilocal case, there is no topological reason for the existence of the electroweak string solution; nor is its existence protected by a topological winding number. Hence we expect the Z-string to be unstable under small perturbations. A detailed stability analysis of the electroweak string shows that it is metastable if m H < m Z and for sin 2 θ w 0.95, and is unstable for other parameters, including the physical values: m H = 125 GeV, m Z = 91 GeV, sin 2 θ w = 0.23.
Since the Z-string solution is not topological, a particular Z-string can terminate. To understand the properties of the terminus, we decompose the Z-magnetic flux inside the string into a linear combination of SU (2) L flux and U (1) Y flux. When the Higgs has the conventional vacuum expectation value: φ = η(0, 1)
T , the decomposition is
The W 3 magnetic flux is non-Abelian and can terminate, but the Y magnetic flux is Abelian and divergenceless, and cannot terminate. Then the Y magnetic flux must extend beyond the terminus of the Z-string and can only do so in the form of massless electromagnetic (A) magnetic flux defined by
Thus the terminus of the Z-string is a source of A magnetic flux i.e. a magnetic monopole. Note that the Z and A gauge fields are orthogonal, so the magnetic monopole has div(B A ) = 0, where B A is the electromagnetic magnetic field, while it is confined by a string that has nothing to do with electromagnetism. (The situation is very similar to the dual case where electrically charged quarks are confined by QCD color strings.) Before describing the properties of the electroweak magnetic monopole and Zstring, we will provide another way of seeing the existence of the monopole, more in line with the original paper by Nambu [34] . Essentially one constructs a composite adjoint field
Once φ gets a vacuum expectation value, we will have n a = 0. Note that n a transforms trivially under U (1) Y and, as far as its properties under SU (2) L are concerned, it is exactly like the field φ a in Sec. 2.3. Thus, as in the 't Hooft-Polyakov monopole, we can write down a "hedgehog" configuration
However, this configuration is disallowed in the underlying model because the relation in Eq. (31) cannot be inverted to obtain a non-singular φ. Instead there has to be a string attached to the hedgehog on which φ = 0. This is exactly the location of the Z-string.
More explicitly, the asymptotic Higgs and gauge field configurations for an electroweak monopole with a semi-infinite Z-string along the −z axis are given by
A finite segment of Z-string will have an electroweak monopole on one end and an antimonopole on the other end. A field configuration for such a finite energy "dumbbell" configuration can be written as [34] (36) where cos Θ ≡ cos θ m − cos θm + 1 (37) and θ m and θm are the spherical polar angles with the axes origin located at the monopole and the antimonopole respectively. Nambu also considered the lifetime of rotating dumbbells, though only accounting for decay by emission of electromagnetic radiation. In particular, decay by fragmentation and other instabilities were not considered and remain to be investigated. The magnetic flux of the electroweak monopole can be shown to be
Seemingly this does not obey the Dirac quantization condition but this is not a contradiction because of the Z-string that is attached to the monopole. The mass of the electroweak monopole cannot be defined because it is always confined. If the mass is measured in terms of the energy barrier to the breaking of Z-strings, it would turn out to be negative because the Z-string is unstable.
Finally we discuss the electroweak "sphaleron" [35] in terms of a bound state of an electroweak monopole and antimonopole. Since a monopole and an antimonopole carry opposite magnetic charges, there is an attractive Coulomb force that tends to bring them together so that they can annihilate. However, a monopole and an antimonopole have an extra degree of freedom, namely a relative phase between them. To see this in the context of the electroweak model [36] , consider the asymptotic Higgs field configuration
where θ m and θm are spherical polar angles measured from the location of the monopole at z = +a on the z−axis and the location of the antimonopole at z = −a respectively. The phase angle γ will be explained in a moment. Note that |φ mm | = η.
Away from the antimonopole and close to the monopole we can take θm ≈ 0 and the configuration reduces to (40) which is the configuration around an electroweak monopole (see Eq. (33)). On the other hand, if we take θ m → π,
which is the Higgs configuration around an antimonopole up to an irrelevant overall phase factor. The ϕ − γ phase shows that the antimonopole has a relative rotation compared to the monopole. Thus γ is a relative "twist" between the monopole and the antimonopole. Further, the twist provides a repulsive force between the monopole and the antimonopole. By adjusting the twist parameter and the monopole-antimonopole separation, a static solution can be found. The solution was first found in an O(3) model in Ref. [37] and then in the electroweak model (in the θ w = 0 limit) in Ref. [35] using very elegant mathematical techniques. The solution, now called a "sphaleron", plays an important role in anomalous baryon number violation, and may play a critical role in explaining the cosmic matter-antimatter asymmetry, and may also provide a mechanism to generate cosmological magnetic fields (see below).
Observational constraints
As depicted in Fig. 1 , there are three distinct cases relevant to monopoles connected by strings that need to be considered in a cosmological setting. The three cases correspond to whether a monopole is connected by 1 or 2 or many (≥ 3) strings. In addition, in all three cases, we can consider the possibility that all the monopole magnetic flux has been confined to the string, or only some of the flux is confined while the remaining flux is unconfined. For example, in Sec. 3.2 we have discussed the case of SU (2) → U (1) → 1 and there all the monopole flux gets confined to a string. On the other hand, for the electroweak monopole discussed in Sec. 4, the Z-flux is confined to a string, but the monopole still carries an unconfined electromagnetic flux. First consider the case when a monopole is connected to an antimonopole by a single string and forms a "dumbbell". Simulations find that the length distribution of dumbbells is exponential: exp(−l/ξ) where ξ is set by the average distance between monopoles at the time of string formation [38] .
If dumbbells are produced at some cosmological epoch, the strings will quickly shrink and bring the monopole and antimonopole together. The acceleration of the monopole and antimonopole will lead to electromagnetic radiation, whereby the system will lose energy, as given by the classical electromagnetic radiation formulaĖ = g 2 a 2 /6π where the acceleration a = µ/M , M is the monopole mass, g the magnetic charge, and µ the string tension. Once the monopole and antimonopole collide, they annihilate and the time scale for a given dumbbell to dissipate will be given by its initial length. If a dumbbell is very long initially, there is also a probability that it will be chopped into shorter segments when other strings collide or when the long string crosses on itself, through a process called intercommutation. Since the length distribution of dumbbells is dominated by the smallest length, and the smallest length is typically much shorter than the cosmic horizon, most of the energy in dumbbells is dissipated within a Hubble time. Then observational signatures can only arise if a telltale remnant is produced during the decay process. We will shortly discuss three possible remnants.
In the second case shown in Fig. 1 , the monopole is like a "bead on a string" and we expect the formation of "cosmic necklaces" [39, 30] . Monopoles and antimonopoles can slide along the string, collide, and annihilate, and produce high energy particles that can potentially be observed as cosmic rays [40, 41, 42] . However, closer scrutiny of the process [42] finds that the monopoles annihilate very rapidly after formation and the network soon resembles a network of ordinary cosmic strings. Then the observational constraints on ordinary cosmic strings (discussed below) also apply to beads-on-strings, independent of whether the monopole (beads) carry unconfined magnetic flux.
In the third case of Fig. 1 , a string web is formed with monopoles at the junctions of the web. Then the web stretches with the expansion of the universe, and dilutes due to monopole-antimonopole annihilation. The resulting network scales self-similarly in time, i.e. the statistical properties of the web do not depend on time but the characteristic overall scale (distance between monopoles) grows in proportion to cosmic time [43] : d(t) ∼ χt with χ ∼ µ/(24πM 2 ), where µ is the string tension and M is the monopole mass. We now need to distinguish between the case when the monopoles carry unconfined flux and the case when all the flux is confined, since these two scenarios lead to very different cosmological scenarios [43] .
If the monopoles carry unconfined flux, their rapid acceleration under the pull of the strings leads to the emission of very high energy gamma rays whose spectrum peaks at ∼ 100 TeV. The energy density in such gamma rays divided by the critical energy density of the universe is estimated to be [43] 
where Ω γ is the fractional cosmic radiation energy density. The observed gamma ray flux dies off very rapidly at such high energies. Using the numerical values in Ref. [44] , the relative energy density in cosmic gamma rays at energies above say 100 GeV is Ω γ>100GeV 10 −11 , thus leading to the constraint
where m P = 1.2 × 10 19 GeV is the Planck mass. The constraint will be stronger if we restrict to gamma rays with energy greater than ∼ 100 TeV where observations indicate a sharp cutoff in the gamma ray flux. It has been suggested that under some circumstances even particles of trans-Planckian energy could have been generated [45] .
If all the magnetic flux of the monopoles is confined to the string, the monopoles do not radiate high energy photons even as they are accelerated by the connecting strings to relativistic energies. In this case, the web of strings and monopoles does not have an efficient way to dissipate its energy. The energy density in the web then dilutes due to Hubble expansion and due to occasional rearrangements when monopoles annihilate or when strings intercommute. As a result the relative energy density in the web compared to the matter density grows with time [43, 46] . Eventually the web dominates the cosmological matter energy density. Once the cosmological evolution of the web is understood in detail ‡, the growth of the web relative energy density potentially leads to a constraint on the parameters of the fundamental model but a rigorous constraint has not been derived so far.
Current cosmological constraints on ordinary cosmic strings as derived from the millisecond pulsar timing observations limit the mass per unit length of the string, µ, to be less than ∼ 10 −9 in Planck units, i.e. µ 10 19 gm/cm [47, 48] . This constraint depends on the gravitational radiation from strings, which is turn depends on the dynamics of strings, and in particular on the loop distribution. In the cases of beads on strings, the dynamics is expected to be similar to ordinary cosmic strings and so this constraint also applies. However, in the case of a web of strings, the dynamics is very different and loop formation is suppressed. In this case, the constraints from the non-detection of string gravitational lensing, and non-observation of string induced distortions of the angular power spectrum of the cosmic microwave background (CMB), can still be applied. These provide the bound µ 10 −7 (for a summary of observational bounds on cosmic strings, see Ref. [49] ). If we combine this bound on the string tension with Eq. (43) for the case of string webs in which monopoles have unconfined gauge flux, we obtain a constraint on the monopole mass
There are two remnants that can arise from dumbbells that are created at some cosmological epoch that can potentially lead to an observable signature. The first remnant is simply the energy resulting from the decay of dumbbells provided they decay at cosmological redshifts between z ≈ 10 4 and 10 6 . In this case there is not enough time left until hydrogen recombination for the energy injected into the cosmological medium to get thermalized. As a result, the decay of dumbbells can distort the spectrum of the CMB. No such distortions have been measured so far and this limits the amount of energy deposition in the medium. However, the cosmic temperature at these redshifts is < 1 keV and the cosmic time is ∼ 1 yr, and from the particle physics side, we think we know that there are no dumbbells that can survive for this long a period. The exception is if plasma effects can somehow play a role as discussed in the case of "embedded defects" in Ref. [50, 51] or if quantum effects are important and stabilize the dumbbells [52] .
The second remnant produced by decaying dumbbells is a magnetic field that can be trapped in the cosmological medium, which can then survive until the present epoch [53, 54] . Indeed, primordial magnetic fields may also help explain the ubiquity of magnetic fields seen in galaxies and clusters of galaxies (for a recent review, see [55] ).
We have already related twisted dumbbells to the electroweak sphaleron in Sec. 4 (see around Eq. (39)). If we assume that the cosmic matter-antimatter asymmetry is generated dynamically via sphaleron processes, then sphaleron decay will leave behind twisted or "helical" magnetic fields [56, 57] . Such magnetic fields violate parity since the handedness of the field is related to the preference of matter over antimatter. Evidence for helical cosmological magnetic fields has recently been discovered [58, 59] , suggesting that they may have been produced during the decay of monopoles-on-strings.
If the monopoles on dumbbells do not carry unconfined flux, they will still lose energy by emitting gravitational waves, thus providing a third cosmological remnant from dumbbells. Further, if the dumbbells are sufficiently long at production, as can happen if the strings are produced after an inflationary epoch or with certain string theory cosmic strings, the distribution of dumbbells will produce a gravitational wave background [61] and gravitational wave bursts [62] . Upcoming gravitational wave detectors can be sensitive to the bursts and can potentially provide constraints at the level Gµ 10 −12 .
Conclusions
Field theories admit a wide variety of topological defects of which monopoles, strings, and domain walls are commonly discussed. In this review we have focussed on a type of "hybrid" or "composite" defect, namely monopoles connected by strings. We have discussed field theories in which monopoles are connected to 1, 2, or 3 strings. The case of one string per monopole is relevant to the electroweak model, and also to a proposed explanation of the observed absence of cosmological magnetic monopoles [60] . For more than 1 string per monopole, we have considered the symmetry breaking pattern SU (N ) → SU (N − 1) × U (1) → Z N . The first stage of symmetry breaking gives monopoles and the second connects the monopoles to N strings. We have also described the monopoles connected by a single string arising in the symmetry breaking SU (2) × U (1) → U (1) × U (1) → U (1) and this is directly relevant to the standard electroweak model. Monopoles-on-strings can have observable effects in cosmology and ongoing observational efforts constrain their abundance. If monopoles are connected by 2 or more strings, a string network should exist in the universe. The strongest bounds on a string network arise from gravitational radiation from loops of strings and lead to µ 10 −9 , where µ is the string tension in Planck units. The bound may not apply to the string web in which monopoles are connected by more than 2 strings, since the loop distribution will likely be suppressed. Gravitational lensing constraints still imply µ 10 −7 . Non-gravitational constraints due to particle emission have also been derived in the literature and are summarized in Sec. 5.
The case when a monopole is connected by a single string is special because the strings then bring monopoles and antimonopoles together, and the whole system can rapidly annihilate. In this case, cosmological observables can only be sensitive to the decay products of the system. Since the annihilation of monopoles and antimonopoles releases magnetic fields, the growing evidence for cosmological magnetic fields may indeed indicate a role for monopoles-on-strings in the early universe.
